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Metabolic Flux Analysis (MFA)

•Quantitatively determine the flux configuration

• Steady state
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Neurodegenerative 
diseases

Metabolic 
syndromeNormal NAFLD NASH

Systematic alterations of Metabolic Fluxes

T-Cell differentiation Ageing
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Grankvist N, et al, Global 13C tracing and metabolic flux analysis 
of intact human liver tissue ex vivo, Submitted Nat. Metab. 

Flow of carbon



Phenotype and function

Fluxes𝑑𝑥

𝑑𝑣
= ⋯

Genomics

Transcriptomics

Proteomics

Metabolomics
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mRNA

Proteins

Metabolites

Fluxomics



max 𝑉𝑔𝑟𝑜𝑤𝑡ℎ

𝑠. 𝑡. 𝑆 ∗ ҧ𝑣 = 0
𝑙𝑏 < ҧ𝑣 < 𝑢𝑏

min ∑(𝑣𝑟 − ො𝑣𝑟)
𝑠. 𝑡. 𝑆 ∗ ҧ𝑣 = 0

ҧ𝑣 ≥ 0

min ∑(𝑥𝑖( ҧ𝑣) − ෝ𝑥𝑖)
𝑠. 𝑡. 𝑆 ∗ ҧ𝑣 = 0

𝑣ҧ ≥ 0
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𝑠. 𝑡. 𝑆 ∗ ҧ𝑣 = 0
ҧ𝑣 ≥ 0
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Isotopically Nonstationary 
Metabolic flux analysis

Large scale models
(genome-scale)

Small scale models
(Core metabolism)

Medium scale models
(Metabolomics)

Isotopic labelling
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Uptake/ Release
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Wiechert W., 2001, Metab. Eng. 
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Why isotopic labelling?
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A B D F

E2xC

𝑣1

𝑣4 𝑣5

𝑣3

𝑣2 𝑣6

E

𝐴 → 𝐵
𝐵 → 𝐷
𝐷 → 𝐵
𝐵 → 𝐶 + 𝐸
𝐵 + 𝐶 → 𝐷 + 2𝐸
𝐷 → 𝐹
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A B D F

E2xC

𝑣1

𝑣4 𝑣5

𝑣3

𝑣2 𝑣6

E

𝐴 → 𝐵
𝐵 → 𝐷
𝐷 → 𝐵
𝐵 → 𝐶 + 𝐸
𝐵 + 𝐶 → 𝐷 + 2𝐸
𝐷 → 𝐹

𝑣1

𝑣2

𝑣3

𝑣4

𝑣5

𝑣6

Reactions



Mass Isotopomer Distribution
(MID)
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Substrate
Tracer
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𝐴𝑛,𝑘 𝑣 𝑋𝑛,𝑘 = 𝐵𝑛,𝑘 𝑣 𝑌𝑛,𝑘 𝑦𝑛
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𝑆 ∗ ҧ𝑣 = 0

ҧ𝑣 =

𝑣1

𝑣2

𝑣3

𝑣4

𝑣5

𝑣6

𝑣1 − 𝑣2 + 𝑣3 − 𝑣4 − 𝑣5 = 0
𝑣4 − 𝑣5 = 0

𝑣2 − 𝑣3 + 𝑣5 − 𝑣6 = 0
ҧ𝑣 = 𝑁 ∗ ത𝑢

𝑆 =
1 −1 1 −1 −1 0
0 0 0 1 −1 0
0 1 −1 0 1 −1

Stoichiometry
A B D F

E2xC

𝑣1

𝑣4 𝑣5

𝑣3

𝑣2 𝑣6

E

Steady state condition

⇒ ቐ

𝑣1 + 𝑣3 = 𝑣2 + 𝑣4 + 𝑣5

𝑣4 = 𝑣5

𝑣5 + 𝑣2 = 𝑣3 + 𝑣6

𝒗𝟏 𝒗𝟐 𝒗𝟑 𝒗𝟒 𝒗𝟓 𝒗𝟔

A -1 0 0 0 0 0

B 1 -1 1 -1 -1 0

C 0 0 0 1 -1 0

D 0 1 -1 0 1 -1

E 0 0 0 1 2 0

F 0 0 0 0 0 1

Independent fluxes

𝑁 = 𝑛𝑢𝑙𝑙(𝑆)

ത𝑢 =

𝑣1

𝑣3

𝑣4

𝑣5 = 𝑣4

𝑣2 = 𝑣1 + 𝑣3 − 2 ∗ 𝑣4

𝑣6 = 𝑣1 − 𝑣4
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A B D F

E2xC

𝑣1

𝑣4 𝑣5

𝑣3

𝑣2 𝑣6

E

𝑣2 𝐵 𝑎𝑏𝑐 → 𝐷 𝑎𝑏𝑐

𝑣3 𝐷 𝑎𝑏𝑐 → 𝐵 𝑎𝑏𝑐

𝑣4 𝐵 𝑎𝑏𝑐 → 𝐶 𝑏𝑐 + 𝐸 𝑎

𝑣5 𝐵 𝑎𝑏𝑐 + 𝐶 𝑑𝑒 → 𝐷 𝑏𝑐𝑑 + 𝐸 𝑎 + 𝐸 𝑒

𝑣6 𝐷 𝑎𝑏𝑐 → 𝐹(𝑎𝑏𝑐)



ODE equations

• Number of C-atoms: 𝑁

• Number of states: 𝑁2

• Example: 225 states

𝑑

𝑑𝑡
𝐴𝑎 = −𝑣1𝐴𝑎

𝑑

𝑑𝑡
𝐴𝑏 = −𝑣1𝐴𝑏

𝑑

𝑑𝑡
𝐴𝑐 = −𝑣1𝐴𝑐

𝑑

𝑑𝑡
𝐵𝑎 = 𝑣1𝐴𝑎 − 𝑣2𝐵𝑎 + 𝑣3𝐷𝑎 − 𝑣4𝐵𝑎

𝑑

𝑑𝑡
𝐵𝑏 = 𝑣1𝐴𝑏 − 𝑣2𝐵𝑏 + 𝑣3𝐷𝑏 − 𝑣4𝐵𝑏

𝑑

𝑑𝑡
𝐵𝑐 = 𝑣1𝐴𝑐 − 𝑣2𝐵𝑐 + 𝑣3𝐷𝑐 − 𝑣4𝐵𝑐
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𝑣4 𝑣5

𝑣3

𝑣2 𝑣6

E

abc

abc

𝑑

𝑑𝑡
𝐶𝑎 = 𝑣4𝐵𝑏 − 𝑣5𝐶𝑎

𝑑

𝑑𝑡
𝐶𝑏 = 𝑣4𝐵𝑐 − 𝑣5𝐶𝑏 …

𝑑𝑀𝑖𝑗

𝑑𝑡
= 

𝑘∈𝐼𝑛(𝑖)

𝑣𝑘 

𝜃∈𝐺𝑒𝑛(𝑘,𝑖,𝑗)

ෑ

𝑙,𝑚 ∈𝜃

𝑟𝑙𝑚 − 

𝑘∈𝑂𝑢𝑡(𝑖)

𝑣𝑘 𝑟𝑖𝑗 = 0



Elementary Metabolite UnitsE M U
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𝐴23 =

𝐴23,𝑀+0

𝐴23,𝑀+1

𝐴23,𝑀+2

=
0.17
0.60
0.23
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] ]
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] ]
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] ]
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] ]
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Antoniewicz et al.,Metab. Eng., 2006 

A) Condensation reaction

B) Cleavage reaction

C) Unimolecular reaction

𝐶123 = 𝐴12 × 𝐵1

𝐶123,𝑀+0

𝐶123,𝑀+1

𝐶123,𝑀+2

𝐶123,𝑀+3

=

𝐴12,𝑀+0 ∗ 𝐵1,𝑀+0

𝐴12,𝑀+0 ∗ 𝐵1,𝑀+1 + 𝐴12,𝑀+1 ∗ 𝐵1,𝑀+0

𝐴12,𝑀+1 ∗ 𝐵1,𝑀+1 + 𝐴12,𝑀+2 ∗ 𝐵1,𝑀+0

𝐴12,𝑀+2 ∗ 𝐵1,𝑀+1

𝐶123 = 𝐴123

𝐶123,𝑀+0

𝐶123,𝑀+1

𝐶123,𝑀+2

𝐶123,𝑀+3

=

𝐴123,𝑀+0

𝐴123,𝑀+1

𝐴123,𝑀+2

𝐴123,𝑀+3

𝐶123 = 𝐴123

𝐶123,𝑀+0

𝐶123,𝑀+1

𝐶123,𝑀+2

𝐶123,𝑀+3

=

𝐴123,𝑀+0

𝐴123,𝑀+1

𝐴123,𝑀+2

𝐴123,𝑀+3
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EMU Decomposition
𝐷123 → 𝐹123

𝐵123 → 𝐷123

𝐵23 + 𝐶1 → 𝐷123

𝐴123 → 𝐵123

𝐷123 → 𝐵123

𝐴23 → 𝐵23

𝐷23 → 𝐵23

𝐵23 → 𝐷23

𝐵3 + 𝐶1 → 𝐷23

𝐵2 → 𝐶1

𝐴2 → 𝐵2

𝐷2 → 𝐵2

𝐵2 → 𝐷2

𝐵3 → 𝐷2

𝐴3 → 𝐵3

𝐷3 → 𝐵3

𝐵3 − 𝐷3

𝐶1 → 𝐷3

EMU
size 3

EMU
size 2

EMU
size 1

A B D F

E2xC

𝑣1

𝑣4 𝑣5

𝑣3

𝑣2 𝑣6

E



𝑑

𝑑𝑡
𝐷23 = 𝑣5 ∙ 𝐵3 × 𝐶1 − 𝑣3 ∙ 𝐷23 + 𝑣2 ∙ 𝐵23 = 0

𝑑

𝑑𝑡
𝐵23 = 𝑣1 ∙ 𝐴23 + 𝑣3 ∙ 𝐷23 − 𝑣2 ∙ 𝐵23 = 0

−𝑣3 𝑣1 + 𝑣3 − 2𝑣4

𝑣3 −𝑣1 − 𝑣_3 + 2𝑣4

𝐷23

𝐵23

=
−𝑣5 0

0 −𝑣1

(𝐵3 × 𝐶1)
𝐴23

Known ComponentsUnknown Components

− 𝑣3 ∙ 𝐷23 + 𝑣2 ∙ 𝐵23 = −𝑣5 ∙ 𝐵3 × 𝐶1

+ 𝑣3 ∙ 𝐷23 − 𝑣2 ∙ 𝐵23 = −𝑣1 ∙ 𝐴23

𝑣2 = 𝑣1 + 𝑣3 + 2𝑣4

−𝑣2

𝑣2



𝐷23

𝐵23
=

𝐷23,𝑀+0 𝐷23,𝑀+1 𝐷23,𝑀+2

𝐵23,𝑀+0 𝐵23,𝑀+1 𝐵23,𝑀+2

𝐵3 × 𝐶1 = 𝐵3,𝑀+0 𝐵3,𝑀+1 × 𝐶1,𝑀+0 𝐶1,𝑀+1

= 𝐵3,𝑀+0 ∙ 𝐶1,𝑀+0 (𝐵3,𝑀+0 ∙ 𝐶1,𝑀+1 + 𝐵3,𝑀+1 ∙ 𝐶1,𝑀+0) 𝐵3,𝑀+1 ∙ 𝐶1,𝑀+1

New M+0 term New M+1 term New M+2 term

Discrete Convolution (Cauchy product )

−𝑣3 𝑣1 + 𝑣3

𝑣3 −𝑣1 − 𝑣3

𝐷23

𝐵23

=
−𝑣5 0

0 −𝑣1

(𝐵3 × 𝐶1)
𝐴23



𝑑

𝑑𝑡
𝐹123 = 0 ∙ 𝐵23 × 𝐶1 + 0 ∙ 𝐵123 + 𝑣6 ∙ 𝐷123 = 0

𝑑

𝑑𝑡
𝐷123 = 𝑣5 ∙ 𝐵23 × 𝐶1 + 𝑣2 ∙ 𝐵123 − 𝑣3 + 𝑣6 ∙ 𝐷123 = 0

𝑑

𝑑𝑡
𝐵123 = 𝑣1 ∙ 𝐴123 − 𝑣2 ∙ 𝐵123 + 𝑣3 ∙ 𝐷123 = 0 

0 𝑣6 0
0 −𝑣3 − 𝑣6 𝑣2

0 𝑣3 𝑣2

𝐹123

𝐷123

𝐵123

=
0 0

−𝑣5 0
0 −𝑣1

(𝐵23 × 𝐶1)
𝐴123

0 ∙ 𝐵123 + 𝑣6 ∙ 𝐷123 = 0 ∙ 𝐵23 × 𝐶1

𝑣2 ∙ 𝐵123 − 𝑣3 + 𝑣6 ∙ 𝐷123 = −𝑣5 ∙ 𝐵23 × 𝐶1

𝑣2 ∙ 𝐵123 + 𝑣3 ∙ 𝐷123 = −𝑣1 ∙ 𝐴123



𝑑

𝑑𝑡
𝐵3 = 𝑣1 ∙ 𝐴3 + 𝑣3 ∙ 𝐷3 − 𝑣2 + 𝑣5 ∙ 𝐵3 = 0

𝑑

𝑑𝑡
𝐷3 = 𝑣2 ∙ 𝐵3 + 𝑣5 ∙ 𝐶1 − 𝑣2 ∙ 𝐷3 = 0

𝑑

𝑑𝑡
𝐶1 = 𝑣4 ∙ 𝐵2 − 𝑣5 ∙ 𝐶1 = 0

𝑑

𝑑𝑡
𝐵2 = 𝑣1 ∙ 𝐴2 + 𝑣3 ∙ 𝐷2 − 𝑣2 + 𝑣4 ∙ 𝐵2 = 0

𝑑

𝑑𝑡
𝐷2 = 𝑣5 ∙ 𝐵3 + 𝑣2 ∙ 𝐵2 − 𝑣3 ∙ 𝐷2 = 0

−𝑣5 𝑣4 0 0 0
0 −𝑣2 − 𝑣4 𝑣3 0 0
0 𝑣2 −𝑣3 𝑣5 0
0 0 0 −𝑣2 − 𝑣5 𝑣3

𝑣5 0 0 𝑣2 −𝑣2

𝐶1

𝐵2

𝐷2

𝐵3

𝐷3

=

0 0
−𝑣1 0

0 0
0 −𝑣1

0 0

𝐴2

𝐴3



−𝑣5 𝑣4 0 0 0
0 −𝑣2 − 𝑣4 𝑣3 0 0
0 𝑣2 −𝑣3 𝑣5 0
0 0 0 −𝑣2 − 𝑣5 𝑣3

𝑣5 0 0 𝑣2 −𝑣2

𝐶1

𝐵2

𝐷2

𝐵3

𝐷3

=

0 0
−𝑣1 0

0 0
0 −𝑣1

0 0

𝐴2

𝐴3

−𝑣5 − 𝑣2 𝑣2

𝑣3 −𝑣1 − 𝑣3

𝐷23

𝐵23

=
−𝑣5 0

0 −𝑣1

(𝐵3 × 𝐶1)
𝐴23

0 𝑣6 0
0 −𝑣3 − 𝑣6 𝑣2

0 𝑣3 𝑣2

𝐹123

𝐷123

𝐵123

=
0 0

−𝑣5 0
0 −𝑣1

(𝐵23 × 𝐶1)
𝐴123

𝐴𝑛,𝑘 𝑣 𝑋𝑛,𝑘 = 𝐵𝑛,𝑘 𝑣 𝑌𝑛,𝑘 𝑦𝑛
𝑖𝑛, 𝑋𝑛−1, … , 𝑋1

𝐴1,1(𝑣) 𝐵1,1(𝑣)𝑋1,1 𝑌1,1(𝑦1
𝑖𝑛)=

𝐴2,1(𝑣) 𝐵2,1(𝑣)𝑋2,1 𝑌2,1(𝑦2
𝑖𝑛, 𝑋1,1)=

𝐴3,1(𝑣) 𝐵3,1(𝑣)𝑋3,1 𝑌3,1(𝑦3
𝑖𝑛, 𝑋2,1, 𝑋1,1)=

→ 𝑋𝑖 = 𝐴𝑖
−1𝐵𝑖𝑌𝑖

∀ 𝑖 = 1 … 𝑛
𝑘 = 1

EMU
size 1

EMU size 2

EMU size 3



max 𝑉𝑔𝑟𝑜𝑤𝑡ℎ

𝑠. 𝑡. 𝑆 ∗ ҧ𝑣 = 0
𝑙𝑏 < ҧ𝑣 < 𝑢𝑏

min ∑(𝑣𝑟 − ො𝑣𝑟)
𝑠. 𝑡. 𝑆 ∗ ҧ𝑣 = 0

ҧ𝑣 ≥ 0

min ∑(𝑥𝑖( ҧ𝑣) − ෝ𝑥𝑖)
𝑠. 𝑡. 𝑆 ∗ ҧ𝑣 = 0

𝑣ҧ ≥ 0
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min ∑∑(𝑥𝑖,𝑡 ҧ𝑣 − ො𝑥𝑖,𝑡)

𝑠. 𝑡. 𝑆 ∗ ҧ𝑣 = 0
ҧ𝑣 ≥ 0

M+ 0 1 2 3 Time

FBA MFA 13C-MFA 13C-INST MFA
Flux balance

analysis
Metabolic flux 
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Isotopically Nonstationary 
Metabolic flux analysis

Large scale models
(genome-scale)

Small scale models
(Core metabolism)

Medium scale models
(Metabolomics)

Isotopic labelling

𝑣𝑟 1 2 3

Uptake/ Release
Fluxes



𝐴𝑛,𝑘 𝑣 𝑋𝑛,𝑘 − 𝐵𝑛,𝑘 𝑣 𝑌𝑛,𝑘 𝑦𝑛
𝑖𝑛, 𝑋𝑛−1, … , 𝑋1 = 0

𝑆 ∗ ҧ𝑣 = 0

arg min
ഥ𝑢

∑(𝑥𝑖(ത𝑢) − ෝ𝑥𝑖)

ҧ𝑣 − 𝑓𝑙𝑢𝑥 𝑣𝑒𝑐𝑡𝑜𝑟
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𝑐 𝑑
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𝑎
𝑐
𝑏
𝑑
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𝑣𝑒𝑐 𝑋1,1
𝑇

⋮
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𝑇

𝑣𝑟

Isotopic steady state

Metabolic steady state

M+ 0 1 2 3
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𝑣ҧ ≥ 0

𝑣𝑟 1 2 3

𝑠. 𝑡. ҧ𝑣 ≥ 0
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Experimental Data 𝑑𝑥

𝑑𝑣
= ⋯ Model

𝑆 − 𝑆𝑡𝑜𝑖𝑐ℎ𝑖𝑜𝑚𝑒𝑡𝑟𝑖𝑐 𝑚𝑎𝑡𝑟𝑖𝑥
𝑁 − 𝑁𝑢𝑙𝑙 𝑠𝑝𝑎𝑐𝑒 𝑚𝑎𝑡𝑟𝑖𝑥



M+ 0  1   2   3

𝑣𝑟 1   2   3

• 30 Fluxes
• 3 Compartments
• 26 Metabolites

Uptake/release Data

MID Data

Glucose metabolism Model
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